Introduction
An almost quaternionic structure on a manifold M of dimension 4n ≥ 8 is a rank three subbundle Q of End(T M) locally generated by three almost complex structures which satisfy the quaternionic relations. The bundle Q has a natural Euclidian metric, with respect to which any such system of almost complex structures is orthonormal. Q is called a quaternionic structure if it is preserved by a torsion-free linear connection on M, called a quaternionic connection. Alternatively, a quaternionic structure on M can be defined as a G := GL(n, H)Sp(1) structure which admits a torsion-free connection. A quaternionic manifold is a manifold together with a fixed quaternionic structure.
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Basic facts on quaternionic manifolds
In this preliminary section we recall some basic facts we shall need about quaternionic manifolds (quaternionic connections and twistor spaces of quaternionic manifolds). We follow the treatment of [1] and [2] (Chapter 14, Section G). All our quaternionic manifolds will be of dimension 4n ≥ 8. isomorphic to the space Bil(T M) of bilinear forms on T M, by means of the isomorphism which associates to η ∈ Bil(T M) the quaternionic curvature
where X, Y ∈ T M and η X := η(X, ·), η Y := η(Y, ·). Hence the curvature of any quaternionic connection D decomposes as R D = W +R η , where W ∈ W, called the quaternionic Weyl tensor, is an invariant of the quaternionic structure (i.e. is independent of the choice of quaternionic connection) and satisfies
With respect to an admisible basis
where (i, j, k) is a cyclic permutation of (1, 2, 3) and
The bilinear form η is related to the Ricci tensor Ricci(R D ) of D in the following way (see [1] , p. 223)
where "sym" and "skew" denote the symmetric, respectively skew-symmetric parts of a bilinear form and P h is the projection
of Bil(T M) onto the space of Q-hermitian bilinear forms, i.e. bilinear forms which are invariant with respect to any complex structure which belongs to Q. We mention that in 
The twistor space of a quaternionic manifold: As mentioned in the Introduction, the twistor space Z of (M, Q), defined as the unit sphere bundle of Q, has a natural complex structure. In order to define it, we first consider a twistor line Z p , i.e the fiber of the natural projection π : Note that any section A ∈ Γ(Q) defines a sectionÃ of Θ, by the formula:
where the bundle homomorphism Π : π * Q → Θ is the orthogonal projection with respect to the metric of π * Q induced by the natural Euclidian metric ·, · of Q. Such sections of Θ will be called distinguished. We shall frequently use them in our treatment.
Holomorphic structures on Θ
We adapt the argument used in [3] to the quaternionic context. Consider a quaternionic connection D on (M, Q). Then π * D is a connection on the pull-back bundle π * Q and
Since D preserves ·, · , the connection ∇ preserves the Euclidian structure of Θ.
Proof. The proof uses an argument identical to the one employed in [3] , p. 585, in the context of self-dual conformal 4-manifolds. For completness of the exposition, we chose to reproduce it here. We need to show that ∇J = 0, where J ∈ End(Θ) denotes the complex structure of the fibers of Θ. Let ξ ∈ Γ(Θ), U ∈ T J Z and σ be the canonical
where (π
their composition is J-linear. Then ∇ U (J ξ), which is the J-anti-linear part of the right hand side of (3.1), equals to J • ∇ U ξ. The conclusion follows.
Proposition 1. The connection ∇ is a Chern connection if and only if the skew part of the Ricci tensor of D is Q-hermitian.
Proof. For any distinguished sectionÃ of Θ and U ∈ T J Z, with π * U = X ∈ T p M,
From relation (3.2) we obtain, like in [3] , the following expression of the curvature R ∇ :
⊥ is the orthogonal projection and Ω p is the Kähler form of the twistor line Z p , which is obviously J -invariant. Hence ∇ is a Chern connection if and only if the horisontal part of R ∇ is J -invariant, i.e. for every J ∈ Z and A ∈ Q with A ⊥ J,
In order to study condition (3.3), we take an admisible basis {J 1 , J 2 , J 3 } of Q with J = J 1 , so that A = λ 2 J 2 + λ 3 J 3 for some λ 2 , λ 3 ∈ R. Then Π J becomes the projection onto the subspace generated by J 2 and J 3 . Recall now that R D = W + R η , for some η ∈ Bil(T M) and that the quaternionic Weyl tensor W commutes with the endomorphisms of Q. Using relations (2.2) and (2.3), we easily obtain:
Relation (2.4) implies the conclusion.
A quaternionic connection with the property that the skew part of its Ricci tensor is Q-hermitian will be called distinguished. 
Proof. Fix an arbitrary J ∈ Z and an admisible basis {J 1 , J 2 , J 3 } of Q with J = J 1 .
Any A ∈ Θ J is of the form λ 2 J 2 + λ 3 J 3 , for some λ 2 , λ 3 ∈ R. For every U ∈ T J Z with
Remark Proof. Again, the proof works as in [3] . We present only the outline. A standard argu- and (D ′ , β ′ ) induce equivalent holomorphic structures (see Proposition 2 and the above Remark). On the other hand, any holomorphic structure of Θ is equivalent to a natural one, i.e. one for which its restriction to any twistor line Z p coincides with the canonical holomorphic structure of Θ| Zp (this is a consequence of the fact that Θ| Zp has, up to equivalence, a unique holomorphic structure, isomorphic to O(2)). Moreover, the Chern connection induced by any distinguished connection on (M, Q), in particular ∇, is natural, i.e. its (0, 1)-part is a natural holomorphic structure of Θ. We conclude the proof if we show that any other natural Chern connection∇ of Θ is related to ∇ by the formula∇ = ∇ + (J π * ω 1 + π * ω 2 ) ⊗ J , where ω 1 , ω 2 ∈ Ω 1 (M) have Q-hermitian exterior differentials and are uniquely determined by ∇ and∇ (clearly, this would imply that the holomorphic structure defined by∇ is∂
ω 1 ). This can be done using the same argument as the one employed in the proof of Proposition 6
of [3] .
Recall now that any two exact quaternionic connections are equivalent. The following
Corollary is a consequence of Theorem 1.
Corollary 1. The tangent vertical bundle of the twistor fibration of a quaternionic manifold (M, Q) has a canonical class of equivalent holomorphic structures, determined by
the exact quaternionic connections of (M, Q).
A Penrose transform
In this section we shall use the E − H formalism developed in [4] . We begin with a brief review of some basic facts we shall need about the representation theory of the group Sp(1). Let H ∼ = C 2 be an abstract 2-dimensional complex vector space on which Sp(1) ∼ = SU(2) acts, leaving invariant a complex symplectic form ω and a compatible quaternionic structure, i.e. a C-anti-linear map q : H → H, which satisfies q 2 = −Id H , ω(qv, qw) = ω(v, w) and ω(v, qv) > 0, for any v, w ∈ H. The 2-form ω together with q define an invariant hermitian positive definite metric ·, · := ω(·, q·) on H. By means of
acts on H and its real part (with respect to the real structure induced by q) is isomorphic to the Lie algebra sp(1) ⊂ End(H) of imaginary quaternions. We also need to recall that H ⊗ S 2 (H) has two Sp(1)-irreducible components: S 3 (H), which is the kernel of the map F : H ⊗ S 2 (H) → H defined by
and H, isomorphic to the hermitian orthogonal of S 3 (H) in H ⊗ S 2 (H) with respect to the hermitian metric of H ⊗ S 2 (H) induced by the hermitian metric ·, · of H (to simplify notations, we sometimes omit the tensor product signs, so that
Coming back to geometry, the quaternionic structure of (M, Q) determines a G = GL(n, H)Sp(1) structure F 0 , i.e. a G-subbundle of the principal frame bundle of M, consisting of all frames f : T p M → H n which convert the standard basis of imaginary quaternions, acting by multiplication on H n on the right, onto an admisible basis of Q p , acting naturally on T p M. Any representation ofG = GL(n, H) × Sp(1) determines a locally defined bundle over M, which is globally defined when the representation descends to G (in which case the bundle is associated to the principal G-bundle F 0 ). Real representations will be complexified, and accordingly, we will consider real vector bundles over M always complexified. There are two locally defined complex vector bundles E and H on M, which are associated to the standard representations of GL(n, H) and Sp (1) on E ∼ = C 2n and H ∼ = C 2 respectively, extended trivially to GL(n, H) × Sp(1). The Sp(1)-invariant structures of H induce similar structures on the bundle H, which will be denoted with the same symbols (e.g. ω will denote the symplectic form of H as well as the induced symplectic form on the bundle H; in particular, we shall identify H with its dual H * by means of the isomorphism H ∋ h → ω(h, ·) ∈ H * ). Some of the natural bundles over M are isomorphic with tensor products and direct sums of H and E. For example, T M is isomorphic with E ⊗ H, T * M with E * ⊗ H, Q with S 2 (H) and the product T * M ⊗ Q decomposes as
with the projection onto the first component of the decomposition (4.2).
Proposition 3. Let D be a distinguished connection on (M, Q) and A ∈ Γ(Q). Then the distinguished sectionÃ of Θ is∂ D -holomorphic if and only if A is a solution of the
Penrose operator P D .
Proof. The sectionÃ is∂ D -holomorphic if and only if it satisfies
where ∇ is the Chern connection of Θ induced by D. Using relation (3.2), it can be seen that (4.3) is equivalent with
For every j ∈ sp(1) ⊂ S 2 (H) ⊂ End(E ⊗ H) (acting trivially on E), with j 2 = −Id E⊗H , define the operator
by the formula
where ·, · denotes the hermitian inner product of S 2 (H) ⊂ H ⊗ H induced by the Sp(1)-invariant hermitian inner product ·, · of H, i.e.
so that any j ∈ sp(1) with j 2 = −Id H is of norm one. The vector space
is a representation of G and, as can be readily checked, the subspace of elements of
which are in the kernel of T j , for every unit imaginary quaternion j ∈ sp (1), is preserved by G. Since E * ⊗ H and E * ⊗ S 3 (H) are irreducible components of E * ⊗H ⊗S 2 (H), from Shur's lemma it is enough to check that any element of E * ⊗H is annihilated by the operators T j . This can be done in the following way: let e * h ∈ E * ⊗ H be decomposable. Without loss of generality, we can take h, h = 1. Defineh := q(h).
Then the basis {h,h} is unitary with respect ·, · and ω(h,h) = 1. As an element of
, e * h has the following form
i.e., more explicitely,
The identity endomorphism of H is Id H = hh −hh and a basis of unit imaginary quaternions can be chosen to be
From these relations it is straightforward to check that T j (γ) = 0.
A vanishing theorem
In this section we consider a quaternionic manifold (M, Q) which admits a compatible quaternionic-Kähler metric g, i.e. the Levi-Civita connection D g of g is a quaternionic connection of (M, Q) and the endomorphisms of Q are skew-symmetric with respect to g. Let g * : T * M → T M be the isomorphism defined by g.
Borrowing the terminology of [5] , we define a conformal weight operator
by the following formula:
where S α was defined in (2.1). (A conformal weight operator has been defined in [3] , for vector bundles on conformal manifolds, associated to the principal bundle of conformal frames, and in [5] for vector bundles associated to the reduced frame bundle of a Riemannian manifold with special holonomy). The following lemma is a straightforward calculation:
Lemma 2. Let {J 1 , J 2 , J 3 } be an admisible basis of Q. Then for every X ∈ T M, α ∈ T * M and A ∈ Q,
As before, one checks that B(γ e * i ) = −2γ e * i , for every e * ∈ Γ(E * ) and i ∈ {1, · · · , 4}. The conclusion follows.
Proof. It is straightforward to check that D • B =B • D, where in the left hand side D
where Recall now that η is related to the Ricci curvature Ricci(R D ) of D as in relation (2.4).
According to Section 2, we can express Ricci(R D ) in terms of α and the Ricci tensor of g, so that, taking traces and using the fact that α is coclosed, we easily obtain the following relation: 
